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Abstract
Following a paper by Berman and Marinho Jr (2001), where it was established an equation of
state (p = −13ρ), for the very early Universe, under which, Einstein’s equations with Λ = 0 ,
render a scale-factor proportional to the time coordinate, and under which, Berman(2006, 2006a)
showed that in the Λ 6= 0 case, the Universe entered automatically into an exponential inflationary
phase, we now study the corresponding effect in Brans-Dicke Cosmology. We find that the resulting
models are similar to those in General Relativity Cosmology.
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Berman and Marinho Jr(2001), proved that, Brans-Dicke relation (Brans and Dicke,
1961), in the form,
GM
R
= γ = constant , (1)
where γ is of order unity, results in the equation of state,
p = − 1
3
ρ . (2)
In the above two relations, M , R , p and ρ , stand respectively for the mass
and radius of the causally related Universe (R is identified altogether with the scale-factor
in Robertson-Walker’s metric), cosmic pressure, and energy density. In consequence, the
above equation of state, valid immediately after Planck’s time does not lead to a radiation-
dominated Universe. That relation (1) is valid for the present Universe, there is no doubt
(Weinberg, 1972); that it is valid for the Planck’s Universe, there is also no doubt (Berman,
1994). The obvious generalization (Berman and Marinho Jr, 2001), is to suppose that in
the very early Universe, following Planck’s time, the relation continued to be valid, because
it should not be just a coincidental relation, valid just for that particular instant of time.
With equation of state (2), that was derived for the very early Universe, Berman and
Marinho Jr (2001) obtained a scale-factor proportional to the time coordinate, in the
Λ = 0 case, where Λ stands for the (zero-valued) cosmological constant. When Λ 6= 0
, Berman(2006, 2006a) has shown that an exponential inflationary phase (Guth, 1981),
does arise, as a consequence of the above equation of state. Of course, we are dealing with
Robertson-Walker’s metric:
ds2 = dt2 − R
2[
1+ k r
2
4
]
2dσ
2 . (3)
In the causally related Universe, with the volume, V = αR3 , we have, with α =
constant,
2
M = ρV = αR3ρ . (4)
In this case (Berman, 2006, 2006a),
γ = GαρR2 . (5)
We now turn our attention to the Brans-Dicke field equations derived by Uehara and
Kim (1982) with a cosmological constant, which read:
φ¨
φ
+ 3H φ˙
φ
− 4Λ
3+2ω
= κ
(3+2ω)φ
(ρ− 3p) , (6)
ρ˙ = −3H(ρ+ p) , (7)
H2 + kR−2 = κρ
3φ
−H φ˙
φ
+ ω
6
(
φ˙
φ
)2
+ Λ
3
, (8)
where κ = 8pi .
It is important to remember, that from Solar tests, the following relation is valid:
G = φ
[
2ω+4
2ω+3
]
. (9)
Taking care of relation (5), one finds the following solution:
H = R˙
R
= constant . (10)
R(t) = R0 e
Ht . (11)
ρ = ρ0 e
−3H (1+β) t . (12)
φ = φ0e
−3H (1+β) t . (13)
β = −1
3
. (14)
p = βρ . (15)
On plugging back the solution (10)-(15), into the field equations, the reader shall find the
conditions among the constants in the problem, namely among ρ0 , φ0 , β , H , ω , and Λ
. We concentrate our solution into the case k = 0 (a flat Universe), which is the preference
of the inflationary theory (Guth, 1981).
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It is evident that we found a similar inflationary solution, for Brans-Dicke theory, as in
the General Relativistic case, for Λ 6= 0 , valid in the very early Universe.
When Λ = 0 , the reader can check, from the field equations above, that the following
solution applies (notice that we are not imposing, right now, any equation of state):
R = D t . (16)
φ = C tB . (17)
ρ = AC
αD
tB−2 , and, (18)
p = StB−2 . (19)
The constants obey the following conditions, which can be derived from the field equa-
tions,
S = AC
3α
− 1
24pi
[B (B + 2) (3 + 2 ω) C ] = − AC
3αD2
(B + 1) . (20)
1 = 8piA
3αD2
+B
(
ω
6
B − 1
)
. (21)
A = 2ω+3
2ω+4
. (22)
As in the inflationary case, some constants remain undetermined. A negative pressure,
is obviously possible, for a positive energy density, when:
A
3α
< 1
24pi
[B (B + 2) (3 + 2 ω)] . (23)
ω > −3
2
,
A > 0 , and,
C > 0 .
The weak energy condition ρ > 0 is, thus, obeyed.
This model, which entails the case given by the equation of state (p = −1
3
ρ) , shows
a complete accord among Brans-Dicke and General Relativistic theories; in the former,
4
however, there is more room for accomodating constants; this is because of the introduction
of the scalar-field φ , and the existence of a new constant, the coupling one (ω).
As Berman(2006, 2006a) has remarked for the Einstein’s case, the Brans-Dicke relation
(1), has the consequence of driving an exponential inflationary phase in the very early
Universe, not only in General Relativity, but as we have shown now, also in Brans-Dicke
theory.
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